Let N be an integer with at least two distinct prime factors. We reduce the problem of factoring N to the task of nding t + 2 integer solutions (e1; : : : ; et) 2 ZZ t of the inequalities
ei log pi ? log N N ?c p o(1) t t X i=1 jei log pij (2c ? 1) log N + 2 log pt; where c > 1 is xed and p1; : : : ; pt are the rst t primes. We show, under a reasonable hypothesis, that there are N "+o(1) many solutions (e1; : : : ; et) where " = c?1?(2c?1)= with pt = (log N) . Here we have " > 0 if and only if > (2c ? 1)=(c ? 1) . We associate with the primes p1; : : : ; pt a lattice L IR t+1 of rank t and we associate with N a point N 2 IR t+1 . The above problem of diophantine approximation amounts to nding lattice vectors z that are su ciently close to N in the 1{norm. We also reduce the problem of computing, for a prime N, discrete logarithms of the units in ZZ = NZZ to a similar diophantine approximation problem. ( mod N) and a factor gcd(x + y; N) of N.
The above diophantine approximation problem can be formulated as a nearly closest lattice vector problem in the 1{norm. In section 3 we associate with N a point N 2 IR t+1 and with the primes p 1 ; : : : ; p t a lattice L IR t+1 of rank t. We show in Theorem 2 that every lattice vector that is su ciently close to N in the 1{norm yields a desired diophantine approximation of log N. holds with p t = (log N) . These results reduce the problem of factoring N to the task of nding lattice vectors in L that are close to N in the 1{norm.
The lattice basis reduction algorithm of Lenstra, Lenstra, Lov asz (1982) apparently let some experts think on the possibility to factorize N by nding good approximations to N by a linear combination of log's of small primes. This approach with non negative coe cients e i seemed to be impractical and it was never analysed. We introduce negative coe cients e i into this approximation problem and we set it up as a closest lattice vector problem. We present explicit numbers on the size of the lattice and error bounds needed to make the method work.
We have produced solutions for the diophantine approximation problem using a prime basis of t = 125 primes. We reduce the lattice basis by block Korkin{Zolotarev reduction, a concept that has been introduced by Schnorr (1987) . Schnorr and Euchner (1991) give improved practical algorithms for block Korkin{Zolotarev reduction. For a basis of 125 primes the diophantine approximation problem can be solved within a few hours on a SPARC 1+ computer. For lattices of very large rank it may be hard to nd lattice vectors that are, in the 1{norm, su ciently close to a given vector. Our experience with the particular problem indicates that it is su cient to reduce, by a strong reduction algorithm for the square norm, the lattice basis b 1 ; : : : ; b t ;N described in section 3. The reduced basis most likely yields at least one solution of the diophantine approximation problem. More solutions can be found by reducing random permutations of this basis.
In order to factor integers N that are 500 bits long the basis should have about 6300 primes. Moreover the input lattice basis contains integers that are 1500 bits long. (1991) . For lattice bases of dimension 6300 our present reduction algorithms may run several months. Their success rate may be far to low. To make the method work for large N we need to improve the lattice L and the present reduction algorithms.
It has been suggested to use algorithms that directly perform the reduction in the 1{norm. Such algorithms have been proposed by Kaib (1991) and Lov asz, Scarf (1990) . The Lov asz, Scarf algorithm works in arbitrary dimensions but seems to be ine cient for our problem, so far it produced no solutions of the diophantine approximation problem. The Kaib algorithm is quite e cient but it is restricted to lattices of dimension 2.
The paper is organized as follows. In section 2 we show how to factor N if we are given about t + 2 pairs of integers (u i ; v i ) such that u i is of the form Q t j=1 p aj j and ju i ? v i Nj p t . In section 3 we show that these pairs (u i ; v i ) can be generated from any lattice vectors that are su ciently close to the point N. We show in section 4 that there are N "+o(1) lattice vectors that are su ciently close to N. In section 5 we reduce the problem of computing discrete logarithms to the task of nding a su ciently close lattice vector in an associated lattice. (1) and (2). 4. By the prime number theorem the number t of primes (log N) is t = (log N) = log log N (1 + o (1) The real entries of the matrix B must be approximated by rational numbers.
We show below that it is su cient to approximate them with an error less than 1=2, i.e. we can approximate them by the nearest integer.
Notation. We associate with a lattice vector z = (z 1 ; : : : ; z t+1 ) = Thus in order to factorize N it is su cient to produce lattice points z that are close to N in the 1{norm. Such lattice points can be found in practice by reducing the basis b 1 ; : : : ; b t ; N using a strong reduction algorithm for the square norm. The reduced basis usually contains at least some vector b that is very short in the 1{norm. With some care we can achieve that this vector is of Rational approximation of the basis matrix. In practice we must approximate the real vectors b 1 ; : : : ; b t ; N by rational vectors. The approximation must be su ciently close so that the error for z = P t i=1 e i b i is negligible whenever Inequality 5 holds. In practice it is su cient to approximate N c log p i , N c log N, log p i by the nearest integer. Then the bit length of N c log p i , N c log N is c log 2 N and the bit length of log p i is log 2 p t . If we choose for N c a power of 2 (10, resp.) then N c log p i , N c log N is the initial segment of the binary (digital, resp.) representation of log p i , log N shifted to the right of the point. 4 There are su ciently many lattice vectors that are close to N.
We show under a reasonable hypothesis that at least N "+o (1) The corresponding lattice problem is unfeasible for the presently known lattice reduction algorithms. We have no experience with lattice basis reduction for lattices with dimension 6300. Moreover the bit length of the input vectors is at least 1500.
Example solutions of the inequalities 3 and 4 using a basis of 125 primes. Schnorr (1987) . Schnorr (a i;j ? b i;j ) log z (p j ) + a i;t+1 + a i;t+2 log z (y) = 0(modN ? 1) This is a system of m linear equations in the t + 2 unknowns log z (p j ) j = 0; : : : ; t, log z (y). If we have t + 2 linearly independent equations then we can determine these unknowns by solving these equations modulo N ? 1.
The congruences (6) can be obtained from vectors in the following lattice L = L ;c;z;y IR t+3 that are close to the vector N in the 1{norm. The lattice L is generated by the column vectors b 1 ; : : : ; b t+2 of the following (t+3) (t+2) matrix and N 2 IR t+3 is the following column vector. 
